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Does there exists a path to the goal state?

Does a program reach an error state? May a program reach an error state in the presence

of angelic/demonic non-determinism?

Does a program always terminate?




Our Result

For reachability games generated by higher-order call-by-name functional programs,
order-(n+1) may-reachability = order-n reachability games

order-0: functions may take only integer arguments
order-(n+1): functions may take order-n functions
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Can the goal state be reached
whatever move the opponent (1) chooses?

Does there exists a path to the goal state?
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UWHFL(Z): higher-order logic with integers and least fixpoints
(HFL [Viswanathan&Viswanathan 04] — (V, <a>, [a]) + integers )

¢u=true | @Ay [ oV, | X | pXSe | AX% ¢ | 910,
|pe |e<e,
e:=n|X|e +e,|exe,

The least Xs.t. X=(

K w=o| 10K T = K |int

order(o) =0 order(int)=-1 order(t —«k) = max(1+order(t), order(x))
e.g. order(int— int— 0) =0, order((int >0) >0)=1
order(¢) := the largest order(x) such that uX*.¢ occurs in ¢

Example: /,
(uYnt>o i x. P(x) v Y(x+1))0 Y O where: }

(AX. P(x) v (uY.Ax. ...)(x+1))0 LY x =, P(x) v Y(x+1)
P(0) v (uY.Ax. P(X) v Y(x+1)) 1
P(0) v P(1) v ...

dx>0. P(x)




Reachability games as pHFL(Z) formulas

letrecsumnk=
if n<0then k O

else sum (n-1) Ar.k(r+n) ‘

in sum m (Ar.assert(m<r))

May an assertion failure occur?

letrecf () = demonic
if flip() thenémh
if input() then () else f() —>

else f() angelic
in f() branch

Does the program always terminate if an appropriate
input is given from the environment?

Sum m (Ar. m>r)
where
Sumnk-=, (n<0 A kO) v
(n>0 A Sum (n-1) Ar.k(r+n))

Is the formula valid? (Answer: No)

F
where
F=u(truevF)/\F

Is the formula valid? (Answer: No)




Disjunctive uHFL(Z)

puztrue |e<e,ne [ove, [X | e | X0 | 019,
|pe |e<e;
e:=n|X|e +e,|exe,

K w=o| 10K T = K |int
Disjunctive Non-disjunctive
Sum m (Ar. m>r) F
where where
Sumnk=, (n<0AkO)v F=, (true vF)AF
(n>0 A Sum (n-1) Ar.k(r+n))




Main Result
< R

There exist size- and semantics-preserving translations between
order-n closed ]JH FL(Z) formulas (i.e., order-n reachability games)
and
order-(n+1) closed disjunctive uHFL(Z) formulas (i.e., order-(n+1) may-reachability).

o /

order-1 disjunctive

e.g.

order-0 (uS. An.Ak.(n<0 Ak 0) v
dy. (uS. An.Ax.(n<0 A m=0) v / (n>0 A S (n-1) Ar.k(r+n)) m (Ar. m>r)

(n>0 A3r.S(n-1) r AX=r+n)) my

A m>y
\ Jy. (uS. An.Ax.Ab. (n<0 A m=0)

VvV (n>0 A Jr.S (n-1) r (x=r+n A b)) my (m>y)
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From order-n reachability games
to order-(n+1) may-reachability

¢ Idea: translate a truth value b to AX.bAx

[true] = Ax.x [false] = Ax.false

[p: A 0,] = Ax.[0,)([0,1%) [0y ve,] = Ax.[e)x Vv [9,]x
[X] =X [uw*0] = pX®l[e]  [AX" ] =AXH. [¢]
[e;<e,] = AX.e;<e,A X

[Int] = Int [0] = 0—0 [t—xk] = [1] — [x]

(UHFL(2): )

@ w=true | ;A0 |ove, | X | o | AXo | o0, |0e | e<e,
Disjunctive uHFL(Z):

\(p:::true | ej<e, A |(P1V(P2 |X | “XK°(P I }‘XT°(PI(P1(P2|(P6|61£62 )
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From Order-1 May Rechability
to Order-0 Rechability Game

4 Consider:
@ Mp, ... P,
where: @: int > (int > o) —> o, m:int, p:: int —> o.
O mp, ... p, >* true if
(1) @ m (Ax.false) ... (Ax.false) —>* true; or
(2) o mp, ...p, —>* p;n —>* true for somei, n.
Let @, m < ¢ m (Ax.false) ... (Ax.false)
oMmMnsSOemp, ... p.—>* p;n.

Then @ m p, ... p, is equivalent to the order-0 formula:
Qo Mm Vv dn. (¢, m nAp, n) v ... v dn. (¢, m n Ap, n)



From Order-1 May Rechability
to Order-0 Rechability Game

¢ Example: sum n (Ar. r<n) where:
sum x k =, x<0 v (x=0ak 1) v (x>0asum (x-1) (Ar.k(rxn)))

Equivalent order-0 formula:
sumg h v dr.(sum; X r A r<n)

Where: w k —>* true (without using k) ]

sumg X =, x<0 v (x>0 A sum, (x-1))
sum; X y =, (x=0Ay=1) v (x>0A3r.sum; (x-1) ra y= rxn)

[_co/rﬁorsumxk—)*ky ]




Transformation Relation (for the General Case)

0F{ Ky oo Xy [ Q2T Q) Qo Py ey Dir Phsts o Prs)
\ ] | )

Y N ! \ \
order-0 condition for condition for condition for

a predicate embedded
free variables g X; to be reached j-th order-0 argument

in a higher-order :
argument to be reached to be reached (j=1,...,m)

(e.g. condition for G (H p) g >* p n)

decomp(t) = (¢,s — 1, p)
K:Z1,. . xtFe @: (Int™ = %) = 7~ (©s,00,. - Prtm)
K;Z1...xFe t:IntM = %~ (Y, v0,..., %)
& =2z, p AW, M0 ZWV I8 ar (P41 281, M AV UL, MU, M)

KiZi,..kFo @7~ (€80, &k Prt2, - -+ Phtm)

(TrR-APPG)



Outline

¢ LHFL(Z) and higher-order reachability games

4 From order-n reachability games to order-(n+1) may-reachability
4 From order-(n+1) may-reachability to order-n reachability games
¢ Applications

¢ Related work and conclusion



Applications

- From order-n reachability games to order-(n+1) may reachability
Improve the efficiency of VHFL(Z) Solver ReTHFL (katsura+, ApLas 2020]

Input RETHFL | RETHFL+is. | RETHFLA tr.

fixpoint nonterm | 11579 | 0.054 0.102 [ After the translation )
unfoldr nonterm |timeout |unknown 4.22 from reachability
indirect_e 16.832  [0.035 0.066 games to may-
altematg unknown | unknown unknown reachability J
fib CPS nonterm |timeout |0.047 0.075 %

foldr nonterm 8.447 unknown 0.122

passing cond 116.423 unknown 0.444

indirectHO e 11.582 0.044 0.073

inf closure timeout |20.171 9.080

loopHO timeout |0.026 0.121

- From order-(n+1) may-reachability to reachability games

Helps us to avoid a limitation caused by the incompleteness of ReTHFL.



Related Work

¢ Order-(n+1) Word Languages = Order-n Frontier Languages
(special case: context-free languages = frontier languages of regular tree grammars)

— for safe grammars [Damm 1982] ;Z i i i
— for unsafe grammars [Asada&K, FSCD20]
¢ Order-n fixpoint characterization of order-(n+1) probabilistic higher-

order recursive programs [K+, LICS19]

¢ n-EXPTIME completeness of disjunctive properties of order-(n+1) HORS
[K&Ong, ICALPO9]



Conclusion

¢ We have shown:
Order-(n+1) may reachability = Order-n reachability games
through fixpoint logic uHFL(Z)

¢ Applications to VHFL(Z) solvers
(higher-order extension of CHC solvers,
which serve as common backend for higher-order program
verification)
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