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Subsequences in Bounded Ranges

Definition
» We call v a subsequence of w, where |w| = n, if there ex-
ist positions 1 < /4 < b < ... < i < n, such that

v =w[i]|w[i] - wli].

» We denote the set of all subsequences of length k of w by
Subseq, (w).

» If v is not a subsequence of w we call it an absent subsequence.

» We call an absent subsequence v of w a minimal absent sub-
sequence (for short, MAS) of w if every proper subsequence of
v is a subsequence of w.

» We call an absent subsequence v of w a shortest absent subse-
quence (for short, SAS) of w if |v| < |V/| for any other absent
subsequence v/ of w.



Motivation: Subsequence Matching in Circular Words

Definition

(i) Two strings u, w € £* are conjugate if and only if there are
string x, y such that u = xy and w = yx. We call the conjugacy
class of w the circular word ws.

(ii) (u, n) is a (minimal) representative of w, if and only if there is
a conjugate w’ of w such that w’ = v/l (and u is
len-lexicographic smaller than every other representative of ws).

Open Question (Hegedis, Nagy 2016)

Can a minimal representative be calculated in linear time?



Motivation: Subsequence Matching in Circular Words

Definition
A string u is a subsequence of the circular word w, if and only if
there is a conjugate w’ of w such that u is a subsequence of w’

Problem

Given two strings u, w, with |u| = m and |w| = n, decide whether
u is a subsequence of ws.

Idea: The set of conjugates of w equals the set of factors of length
|w| of w?.

Generalization: Why restrict to w? and factors of length |w|?



Subsequences in Bounded Ranges

Definition
» We call v a p-subsequence of w, where |w| = n, if there exist

a position 1 < i < n— p+1, such that v is a subsequence of
the bounded range wli : i+ p —1].



Subsequences in Bounded Ranges

Definition

| 2

We call v a p-subsequence of w, where |w| = n, if there exist
a position 1 < i < n— p+1, such that v is a subsequence of
the bounded range wli : i+ p —1].

We denote the set of all p-subsequences of length k of w by
p-Subseq, (w).

If v is not a p-subsequence of w we call it an absent p-
subsequence.

We call an absent p-subsequence v of w a minimal absent
p-subsequence (for short, p-MAS) of w if every proper subse-
quence of v is a p-subsequence of w.

We call an absent p-subsequence v of w a shortest absent p-
subsequence (for short, p-SAS) of w if |v| < |V/| for any other
absent subsequence v/ of w.



Problems

Given two words u, w € ¥*, with lengths |u| = m and |w| = n, and
non-negative integers p, k we analyse the following problems.

» p-Matching: Is u a p-subsequence of w?

» p-MAS: Is u a p-MAS of w?

» (p, k)-non-Universality: p-Subseq,(w) # XX

» (p, k)-non-Equivalence: p-Subseq,(w) # p-Subseq, (u).
» p-non-SAS: Is u not a p-SAS of w?



Matching

Subsequence Matching in Bounded Ranges

Input: u,w € X* with |u] = m,|w| = n and an integer p
suchthat m< p <n

Question: Is u a p-subsequence of w?

Naive solution in O(np).
We present an O(mn) algorithm, which is optimal unless OVH
fails.

If uis not part of the input the presented algorithm requires
O(log p) space, which is also optimal by Ganardi, Hucke, Lohrey
(2016).



Matching

We create an array A[-] with m entries. Then read w left-to-right
and when reading the tt letter of w update A such that A[i]
contains the length of the shortest suffix of w[t — p+1: t]
containing u[l : i] (or oo if it does not occur):

Ali] = min{|v| | v is suffix of w[t—p+1: t],u[l : i] € Subseq;(v)}.

After any step, if A[m] < p holds then u is a p-subsequence of w.



Matching

Given an instance (A, B,d) of OV with A= {ai,...,a,} and
B ={by,..., by} where v =v[1]v[2]--- v[d] for all v € AU B.

Definition
Let ¥a,vp : {0,1}* — ({0,1} U {$})* be morphisms such that:

015 if x =0,
val) = {00$ if x =1
ve(y) =y$ for y € {0,1}

Example:

1 4(1001) = 00$01$01$00%
14(0100) = 01$00$01$01%
1p(1001) = 1$0$0$1$



Matching

Next we construct two words W, and Ug such that Ug occurs in

W2 as |Wa|-subsequence if and only if there are orthogonal
vectors a € A and b € B:

Wa = [Ya(1)][va(0)][a(a1)][va(09)] - . . [ a(an)][a(09)][a(19)]
Us = [ve(1)][vs(b1)][ve(b2)] - - - [¥e(ba)][¥e(19)]



Analysis

Minimal Absent Subsequences w.r.t. Bounded Ranges

Input: u,w € X* with |u] = m,|w| = n and an integer p
suchthat m< p <n

Question: Is v a p-MAS of w?

Answer can be computed in time O(mn), which is optimal unless
OVH fails.

The algorithm implements the p-subsequence matching algorithm
presented above as well as the greedy algorithm to check
minimality from Kosche et al. 2021 tailored to bounded ranges.

For the conditional lower bound: reduction from p-subsequence
matching.



Analysis

Partial Words non-Universality Problem

Input: A list of partial words S = {wa, ..., wx} over {0,1}
of same length L.

Question: Decide whether there is no word v € {0,1}t compat-
ible with any of the partial words in S.

Definition
» A partial word u over ¥ is a word over X U {{}. The positions
i with u[i] € X are called defined.

» A partial word u over ¥ and a (full) word w over ¥ are com-
patible if and only if |u| = |w| and u[i] = w]i] for all defined
positions i of wu.

Theorem (Manea, Tiseanu 2013)

Partial Words non-Universality is NP-complete and cannot be
solved in subexponential time 2°(1) poly(L, n) unless ETH fails.



Analysis

k-non-Universality w.r.t. Bounded Range
Input: w € X* and integers p, k with j[w| =nand k <p <n
Question: Is p-Subseq,(w) # X¥?

Naive solution is already optimal in O(|X|¥ poly(n, k)). For the
conditional lower bound: reduction from the Partial Words
non-Universality problem.



Analysis

Let S ={w,...,wy}, with |w;| = Lforall 1 <</ bean
instance of the Partial Word non-Universality problem. For every
w; € S let uj = u;[1]- - - ui[L] where

0%, ifw[]=0
u,-[j] = 1$, if W,'U] =1
01$, if wi[j] = 0.

We construct an instance of k-non-Universality in Bounded Range
with w = VU, k =2L and p = |V for

V = $25(001101$24) L,

2 2 2 2 2
U= $4L U1$4L u2$4L . $4L Ug$4L )



Analysis

k-non-Equivalence w.r.t. Bounded Range

Input: v,w € ¥* and integers p, k with |v| = m,|w| = n
and k< p<m,n

Question: Is p-Subseq, (w) # p-Subseq,(v)?

Reduction from k-non-Universality in Bounded Range: choose v to
be k-universal.



Analysis

Non-Shortest Absenst Subsequence w.r.t. Bounded Range

Input: u,w € X* and an integer p with |u] = m,|w| = n
and m<p<n

Question: Is u a p-SAS of w?

Reduction from k-non-Universality in Bounded Range: v is a
p-SAS of w if and only if u is p-absent and
p-Subseq_;(w) = Tk-1.



Unbounded | Bounded Range
k-(non-)Universality Linear Exponential
k-(non-)Equivalency Linear Exponential

Matching Linear Rectangular
MAS Linear Rectangular
SAS Linear Exponential
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Thank you for listening!
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